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Problem 1. Construct a set A C [0, 1] x [0, 1] such that A is dense in [0,1] x [0, 1] and every
vertical and every horizontal line intersects A in at most one point. [10 points]

Problem 2. Let A be a real n X n matrix satisfying
A+ A =1,

where A denotes the transpose of A and I the n x n identity matrix. Show that det A > 0.
[10 points]

Problem 3. Let f:[0,1] — R be a continuous function such that f(0) = f(1) = 0. Prove
that the set
A:={he0,1]: f(z+h) = f(x) for some z € [0,1]}

is Lebesgue measureable and has Lebesgue measure at least 5. [10 points]

Problem 4. Let S be a finite set with n elements and F a family of subsets of S with the
following property:
Ae F,ACBCS—=— BeF.

Prove that the function f:]0,1] — R given by

f@) = Z ¢lAl(1 — p)ls\Al

AeF

is nondecreasing (|A| denotes the number of elements of A). [10 points]
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