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Problem 1 Find the n'* derivation of the function

fx) =

x
2 -1

Solution

f)™ = (55) " = (A Ly

2\z+1 r—1

O (e )
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Problem 2 Prove that there exist two real convex functions f,g such that
f(z) —g(z) =sinx

for all z € R.
Solution Let f(z) = 22 + sinz and g(z) = 22, then f(z) — g(z) = sinz and f(z),g(z) are convex function

because
f'(x) =2 —sinz >0,
g"(x) =2>0.
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Problem 3 Prove that for all integers n > 1,
(n—1|(n" —n?+n—-1).

Solution For n =2 we get (n—1)=1and (n" —n?+n—1)=1so0 (n—1)|(n® —n?+n—1).

Now we prove the result for n > 3. First we use mathematical induction to prove that (n — 1)|(n* —n?) for
k > 3. For k = 3 we have

n*=n?):(n—1)=n> = (n—1)|n>-n?.
Suppose that (n — 1)|(n* — n?). We have to prove that (n — 1)|(n**1 — n?). Hence (n**! — n?)/(n — 1) = n*
with remainder (n* —n?), and because n — 1 divides (n* —n?) we have shown that (n — 1)|(n* —n?) for k > 3.
Hence from the facts that (n — 1)|(n™ —n?) and (n — 1)|(n — 1) we obtain that (n — 1)|(n™ —n? +n — 1) for all
n> 1. ]
Second solution Let n > 1 be a fixed integer. Let f(z) be the polynomial 2™ — 2% +2 — 1. Note that f(1) = 0.
It follows from the factor theorem that (x — 1)|f(z). Substituting in n for x and noting that n — 1 # 0, we see
that
n—1|f(n)=n" —n*+n—1.
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Problem 4 Let X be a finite set and f: X — X be map. Prove that f is an injective map if and only if f is
a surjective map.

Solution Let X have n elements.

1. Let f be injective, i.e. Va;,x; € X; f(z;) # f(x;),i # j. Then we have Vz; € X, f(z;) = y; € X and
because f is injective then y; # y; whenever ¢ # j. Because f: X — X we get f is surjective.

2. Suppose f is surjective, but it is not injective. Then Jx;,x; such that f(z;) = f(z;). But because
f: X — X we obtain that f is not surjective. This is contradiction.
O
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Problem 1 Prove that for a continuously differentiable function f(x), where f(a) = f(b) =0,

b
max | /() zﬁ/wndw.

z€[a,b]
Solution
1 b o maxre[a b]lf( |
G [ @l £ g o |/ clu
_ MaXgze(q,b] |f( ) f(a) _ MaXge[q, b]‘(x - a‘)f/(f)l
o b—a - b—a
< max [f(£)].

£€la,b]



The 2°¢ Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 28" April 1992
Category 11

Problem 2 Find all functions f: R — R which satisfy the equality

zf(y) +yf(x) = (@ +y)f(@)f(y).

Solution For x =y = 1 we get f(1) = f2(1). Hence we have two possibilities. For f(1) = 0,y = 1 we obtain
that f(z) =0 and for f(1) =1,y =1 we have

f<x>={1 "

aeR z=0"
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Problem 3 Let Zy be the additive group of residual classes modulo k. Decide if Zg is isomorphic to Zs X Z3.
Solution Let Zg be

@|10]1]2|3|4]5
0101|2345
111121314510
212134501
3(13|4]|5]0]1]2

41415101 1]2]3
5510|1234

and ZQ><Z3

H (0,0) | (0,1) | (0,2) | (1,0) | (1,1) | (1,2)
(0,0) [ (0,0) | (0,1) | (0,2) | (1,0) | (1,1) | (1,2)
(0,1) | (0,1) | (0,2) | (0,0) | (1,1) | (1,2) | (1,0)
(0.2) [ (0,2) | (0,0) | (0,1) | (1,2) | (1,0) | (1,1)
(1,0) | (1,0) | (1,1) | (1,2) | (0,0) | (0,1) | (0,2)
(L1) [ (A1) | (1.2) | (1,0) | (0,1) | (0,2) | (0,0)
(1,2) | (1,2) | (1,0) | (1,1) | (0,2) | (0,0) | (0,1)

on

Let f: Zg — Z5 x Z3 be the function defined by

f(O) = (070)’ f(l) = (1’ 1)7 f(2) (072)7
f(3) = (170)v f(4) = (0,1), f(5) = (1’2>

It is easy to check that this function is an injective function and the condition
fl@oy) = f(z)B f(y)
is fulfilled. Thus Zg is isomorphic to Zo X Z3. (Il



The 2°¢ Annual Vojtéch Jarnik
International Mathematical Competition
Ostrava, 28" April 1992
Category 11

Problem 4 Prove that each rational number % = 0 can be written in the form

p b2 bn
Z_p e
7 1+ 21 + + ol
where n is a sufficiently large positive integer and by, € Z (k > 1) such that 0 < by, < k, b, # 0.

Solution Let
p_plg—1)
q q!
Further we have

p(g— 1! = s4q+ by,
Sq=8¢-1(q—1) +by_1,

S1 = b1 .
where b; € {0,...,7— 1}. So we obtain

b b
2:b1+£+...+l.
q 2! q!



